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1. Introduction 

In this paper, we first propose an interpretation of the Kahler-Ricci flow on 
a manifold X as an exact elliptic equation of Einstein type on a manifold M of 

■ which X is one of the (Kahler) symplectic reductions via a (non-trivial) torus 
action. There are plenty of such manifolds (e.g. any line bundle on X will do). 

More precisely, let M be a compact Kahler manifold which admits a Hamil- 
tonian ^-action by holomorphic automorphisms and let V be the vector field 
generating such an action. Then there is a moment map // : M \— > \J — 1R for 
this action. Assume that [0, f ] C R consists of regular values of — \J — 1/x and for 
r G [0, r], X T = t)/ S 1 be the symplectic quotient of M by this action. 

All these X T are biholomorphic to each other. We consider Kahler metrics which 
are invariant under the S^-action. As usual, given a Kahler metric g, we denote 
by u g its Kahler form and Ric(g) its Ricci curvature form. 

l 
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Our first result (cf. Theorem 13 . 71 13 . 81 and Lemma [3.1 01) states, loosely speaking, 
that the normalized Kahler-Ricci flow dtOJ g = — Ric + Xu g on X T , where A is a 
constant and r 6 R, is equivalent to the system of equations on M: 

~T 



Ric(<7) + ^-dd (log(|Vg) + /) = Xuj 



9 

(1) 



dr = H(t) \V\ 2 g df 
dt " A\V\ g 4 dr 

for some function / such that f = f ■ ( — \/ — , that is, / depends only on r, 
satisfying 

-R(h)+nX-% <0. 

or 

Here J denotes the complex structure on M and H(t) denotes the mean curvature 
of the hypersurface Y T := /i~ 1 (v / — It) C M with respect to the metric g, which 
we require to be ^-invariant. Also we note that R(g) is the scalar curvature of 
g. We will call g a V-soliton metric if it is Kahler and satisfies: 

Ric(<7) + ^dd (log(|V^) + /) = Xu g . (2) 

Such a V^-soliton metric can be regarded as a generalization of Kahler-Einstein 
metrics or Kahler-Ricci solitons. Similarly to the case of Kahler-Einstein metrics, 
we can reduce (j2j) to a scalar equation on Kahler potentials, which is of Monge- 
Ampere type. To be more explicit, we fix a Kahler metric go with Kahler form 
ojq and write 

uj q = ujq + ddu. 
2 

We can prove that if M is compactQ, then the above \^-soliton equation is equiv- 
alent to the following scalar equation on u: 

(u + y^dduT = \V\ 2 g e F+ f- Xu ul (3) 

where F is determined by Ric(g) — Xg = ^d(JdF). We call the equation 
scalar \^-soliton equation. This equation is of complex Monge-Ampere type. 

In the second part of this paper, we prove some preliminary results towards 
establishing existence of solutions for ([3]) on a compact Kahler manifold M. In 
a forthcoming paper [La Nave-Tianj . we will establish an existence theorem for 
©■ 

This interpretation can be also extended to any symplectic quotients by more 
general groups. An holomorphic Hamiltonian action of a Lie group G on a man- 
ifold M comes with a moment map fi : M — > Q*: For every coadjoint orbit in 
the dual Lie algebra of G, r C g*, there is a Kahler quotient X T := /i _1 (r)/G, 
as above, we can have an elliptic equation on M whose solutions can descend to 
solutions of the Kahler-Ricci flow on X T (cf. Theorem 13. 7p . 



1 Even if M is non-compact, the same conclusion still holds for the solutions of ([2]) with 
appropriate asymptotic behaviors. 
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Our work was inspired by Perelman's groundbreaking work on Ricci flow. He 
gave a formal interpretation of the (backwards) Ricci flow on a manifold M in 
terms of an asymptotically Ricci flat metric on M x S N x R + , namely, the warped 
product metric g = g(r) + rg S N + + R) dr 2 , where g(r) solves the backward 
Ricci flow and g S N is the metric on S N with constant curvature equal to 5^. 
This allows him to heuristically interpret the monotonicity of the reduced volume 
purely in terms of an analogue of Bishop-Gromov's volume comparison theorem 
for asymptotically Ricci flat metrics. One of the major hurdles for turning his 
heuristic description into a powerful tool to study the Ricci flow is that the metric 
on M x S N x M. + is only asymptotically Ricci-flat in N (the dimension of the 
sphere) . Here we give a precise interpretation in the case of the Kaher- Ricci flow. 

One of our main motivations for this interpretation is to study singularity for- 
mation of the Kahler- Ricci flow on a manifold with indefinite c\(M). A singularity 
can occur when the manifold is forced by the flow to undertake a birational trans- 
formation. A large class of birational transformations can be constructed through 
symplectic quotients. Then our interpretation may reduce studying singularity 
of the Kahler- Ricci flow on quotients to studying an elliptic problem on M which 
should be easier. In a subsequent paper, we will discuss how our method can 
be applied to the study singularity formation along the Kahler-Ricci flow and we 
will first illustrate it in a concrete example (cf. section Iq"T2"I) . In fact, our method 
should be applicable to more general situations than it actually seems at first 
sight, since there is an associated GIT quotient description for any given flip. 

2. GIT VERSUS SYMPLECTIC QUOTIENTS 

2.1. GIT quotients. From GIT (Geometric Invariant Theory) (cf. [M umford] ) . 
we know that given an action of a reductive group 67 on a projective manifold M 
with polarization L, one can define the GIT quotient of M via 67 by considering 
the Zariski open set M SS (L) C M consisting of semistable points of the action, 
on which G still acts and in fact one can take the quotient M ss /G. This depends 
only on the choice of the polarization L, and is denoted by Mj /G. There is a 
well-defined holomorphic map it : M ss t— > Mj /G. 

Clearly changing L changes the quotient just in a birational manner, and the 
change in the GIT quotient as L varies is very well understood (cf. [Thaddeus] ) . 
It was shown there that the way the varieties change is by means of birational 
transformations called flips. 

2.2. Symplectic quotients. Let (M,uj) be a symplectic manifold. Assume 
there is a group G acting symplectically on M. Then there exists a moment 
map: 

fi : M 0*, 

where g denotes the Lie algebra of 67. This is described as follows: if W £ g, 
then (fi(x), W) is the Hamiltonian function which generates the flow given by the 
action of W on M. 

In these circumstances one can perform the symplectic quotient, defined as 
X\ := yU _1 (A)/G for some A a 67-orbit in q*. This quotient is in fact a (smooth) 
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symplectic manifold if A is a regular value for /i, by the Marsden-Weinstein re- 
duction theorem. 

If M is a Kahler manifold associated to a (quasi-)projective variety, these quo- 
tients coincide with the GIT quotients encountered earlier (cf. [Kirwanj ) . Fur- 
thermore, by the convexity Theorem (cf. |Guillemin-Sternber gl982 1 ) , the image 
of the moment mapping is convex and there is therefore a chamber subdivision 
according to the critical points of the moment map. When one passes the walls of 
this chamber subdivision, the symplectic manifold undergoes a symplectic surgery 
akin to the blowing-up in Algebraic Geometry, as proven by Guillemin and Stern- 
berg in Guillemin-Sternbergl989] . 



2.3. Kahler quotients and their variations. Let G be a compact connected 
Lie group acting symplectically on (M, g) via holomorphic isometries, and let 
jj, : M — > g* denote the moment map, where g = Lie(G). Denote by G c the 
complexification of G. 

We can think of g as a sub-bundle of TM (in fact of T y u" 1 (r)). Let Q p (t) C 
T p /j,~ 1 (t) be the orthogonal complement (with respect to the given Kahler metric 
g) of g. Hence T p M = Q p (r) © g p © Jq p is an orthogonal decomposition. One 
readily checks that Q(r) is J-invariant and that {Q p } p e M -i(r) is a G-invariant 
distribution. Also observe that if ir T : /i _1 (r) — > X T is the natural projection, 
then dn T : Q(t) — > TX T induces an isomorphism. 

Recall that the complex structure J T on the Kahler reduction X T is defined by 
the condition that d,7c T o J = J T o d-n T where tt t : Y T := yU _1 (r) — > X T is the natural 
projection. 

The following lemma is well-known. 

Lemma 2.1. Given any regular value r there is a direct sum decomposition of 
Q(t) © C = Q(t)( 1,0 ) © Q(r)( 0,1 ) into the +^/— T and — a/ — 1 - eigenspaces respec- 
tively. Then dix T induces an isomorphism: Q^'°\t) — > T^ l ^X T . Moreover, The 
induced complex structure J T on X T is integrable. 

By imposing that 7r T : Y T — ► X T be a Riemannian submersion, we can define a 
natural Riemannian metric g T on X T . Note that 

g T {dTr T {W 1 ),d* T (W 2 ))=g{W 1 ,Wi\ V W 1 ,W 2 e Q(r). 

The metric g T is in fact Hermitian with respect to J T . If we denote by i T : 
/i _1 (r) — > M the natural inclusion, we have: 

Lemma 2.2. The metric g T on X T is Kahler and the corresponding Kahler form 
uo T satisfies: 

* •* 

7T T UJ T = l T UJ. 

Moreover, if G = S 1 , then for any interval I C \J — 1R which contains a and 
consists of regular values of fi, /i _1 (J) is symplectically equivalent to yU _1 (a) x / 
(at least in a neighborhood of Y a ) endowed with the symplectic structure ir*uj a + 
d{{r—a)j3), where (3 is a connection 1-form on the circle bundle n a : /i _1 (a) — > X a . 
In particular, the reduced symplectic form on X T is equivalent to u a + (r — a)c\, 
where c% is the Chern class of the principal bundle /i _1 (a) — > X a . 
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Proof. By definition, u T (W, Z) = g T (J T W, Z). On the other hand, if W and Z are 
the unique G-invariant sections of Q(t) such that dn T {W) = W and dm T {Z) = Z 
respectively, then one has: 

ir*u T {W, Z) = g T (J T dir T {W), d7r T (Z)) o vr 

= g T (dir T (JW), dn T (Z)) o n T 

= g(JW,Z)=i*iu(W, Z) 

it is now easy to see that if, say, W is not in Q(r), then both sides of the 
equation amount to zero. This also shows closedness of u T since this identity 
shows that 7[*du T = i* T du = 0, and the surjectivity of 7r r implies that du T = 0. The 
statement on the symplectic equivalence follows directly from the uniqueness part 
of the coisotropic embedding theorem (cf. [Weinstem] ) . whereas the statement 
on the nature of ux T is a mere consequence of the fact on Y T = // (t), the form 
7r*u; a + d((r — a)f3) restricts to vr*u; a \y a +(r — a)d/3, and clearly d/3 = n*ci . □ 

This lemma is of course a special case of a theorem for symplectic quotients (cf. 
Guillemin-Sternbergl989l ) . It is then natural (and essential for our constructions 
to come) to ask oneself whether such a result carries through to the complex 
structure of the Kahler quotients. This turns out to be true (cf. |Kirwanj ). 

Specifically, one can prove that so long as the moment map does not cross 
critical values, then the complex structure does not change. In order to describe 
things a little more in depth, we need to introduce some notation: 

Let $ s : M — > M represent the gradient flow of the Morse function | | 2 (where 
the norm is in the dual of the Lie algebra g*), and set (cf [Kirwanj ) : 

M min (0) := IxeM : lim $ s (x) fl ^\0) ^ 1 

|^ S-+ + OO J 

and (cf . |Guillemin-Sternbergl982b| )3 : 

M s {0):= {xeM : G c x fl /i _1 (0) ^ 0} 
for any coadjoint orbit O. Then one can prove: 

Lemma 2.3. (cf. [Kirwan] . |Guillemin-Sternbergl982b1 ) M min (0) and M s (0) 
are G c -invariant complex submanifolds of M . Furthermore, there are natural 
biholomorphisms between M rntn {0)/G c and n~ l {0)/G and between M s (0)/G c 
and fi-\0)/G. 

For simplicity, we assume that G = S 1 and its Lie algebra is identified with 
r|1 Then the moment map \i takes values in K and 

M min (t) := \ x G M : lim $ s (x) fl \T x {t) + §\ . 



In fact, it was proved by Kempf and Ness that M s is nothing other than the set of semistable 
points of the action of G c on M, thereby connecting the GIT quotient with the Kahler reduction. 

3 A11 the subsequent discussions go through for a general G which is a maximal compact 
subgroup of a complex linear group, such as SL(N, C). 
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Then M mm (t) is acted upon by C* and if t is a regular value, the natural holomor- 
phic projection: M mm (t) t— > M mm (t)/C* descends to a biholomorphism between 
M min (t)/C* ~ fi^ty/S 1 . It follows that the complex manifolds ^(t^/S 1 and 
L l ~ 1 {t2)/S l are biholomorphic to each other whenever t\ and ti are in an interval 
which does not contain any critical values of \i. For the readers' convenience, we 
will give a direct proof of this fact. 

Proposition 2.4. If V has no zeros in a neighborhood of /i _1 ([a, a + to]); then 
the 1-parameter group of diffeomorphisms <f> t : M — > M generated by the vector 
field U = j^rp- induces biholomorphisms <f> t : X a — > X t+a for t E [0,t ]. 

Proof If we write <f>(x,t) = <f>t(x), then 

£ = <™ ,4) 
(f)(x, 0) = x 

Since V/x = JV, U = and consequently, n{(f) t {x)) = a + t whenever n(x) = a. 

Clearly, through the natural projections ir t i : Y t i — > X t /, where Y t i = t 
induce diffeomorphisms <p t '■ X a — > X a+t . 

We want to show that these diffeomorphisms are actually biholomorphic maps. 
For this purpose, we need to show 

d4> t (J a Z) = J a+t d(f) t (Z) 

for any vector field Z of X a . Let ipt '■ M — > M be an integral curve of the vector 
field JV. They are biholomorphic maps and there is A : M x R — ► R such that 
4>{x,t) = ip(x,\(x,t)), since the vector fields C/ and JT are parallel. In fact, 
\(x,t) satisfies 

dX 1 

~ W (5) 
A(x,0) = 0. 

It follows 

# t (W)(p) = dif> x{tJt) (W)+A(W)JV. 

Define 

r t (x) = (f)(x,t- fj,(x)). 

Clearly, this defines a retraction r t : / u~ 1 ([a, a + t ]) — *■ In particular, 

dr t (W) = IV for any IV G T/i _1 (t). Here we think of T[i~ l (i) as a subspace of 
TM). Also, lies in the kernel of dr t . 

Let Z = Z h E T P M be the horizontal lifting of Z, i.e., the unique vector 
perpendicular to V and JV such that dTT a (Z) = Z. Then we have 
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dUJaZ) = dfa(dn a (JZ)) 
= d-K a+t (d(j)t{JZ)) 
= dn a+t (d4> XM (JZ) + A(JZ)JV) 

= dn a+t (dr a+t (d*p XM (JZ) + A(JZ)JV)) (6) 

= dn a+t (dr a+t (#A( P ,t)( JZ))) 

= dir a+t (dr a+t (Jdip X (p,t)(Z))) ■ 

Here we used the facts that ip is holomorphic and ker(dir a+ t) = (V, JV). On the 
other hand, we have 

J a+t dir a+t (dMZ)) = dn a+t ([J dMZ)] h ) 

= dn t ([J {d^ x[ttP) (Z) + A(Z)JV)] h ) 
= d7r a+t dr a+t ([(dif> x(Ptt) (JZ) - A(Z)V)] h ) (7) 
= dn a+t (i(d^ XM (JZ)-A(Z)V)] h ) 
= d-ir a+t (dr a+ t(dip x(j):t) (JZ))) 
since dr a+t (W) = W for any W E Tfi~ 1 (a + t). This completes the proof. □ 

As a consequence, we conclude that if all a + t, where t G [0,t ], are regular 
values of /i and we denote by F a+t : M mm (a) i— > X t the above induced holomorphic 
map, then F a+t = <j> t ■ F a . 

3. \/-SOLITON METRICS AND KAHLER-RlCCI FLOW ON SYMPLECTIC 

QUOTIENTS 

3.1. The Ricci flow on symplectic quotients. We will start with the case of 
a complex torus T c = (C*) N acting holomorphically on a smooth Kahler manifold 
M (in fact M does not need to be smooth, it could for instance be a Kahler space 
with canonical singularities) 

Note that Tq is the complexification of the real torus T = (5' 1 ) Ar , which acts 
on M by Hamiltonian diffeomorphisms. Let fx : M — ► Lie(T)* = M. N be the 
associated moment map. We denote by g an invariant Kahler metric on M. 

Let zi, ■ • • ,z n be holomorphic coordinates on the quotient manifold X a , and 
let Ti be "moment map coordinates", i.e., fx = (ti, • • • ,Tn), sometime, we simply 
identify fx with its value r = (ti, • • • , rjv). If N — 1, write t — T\. Clearly, we have 
drt = iv k ^i where {Vk} is a basis of vector fields which generate the Hamiltonian 
action of T and correspond to an orthonormal basis of the Lie algebra of T. We 
can define 1-forms 9i, • • • ,9 N by 

W) = 4z, e k (jv l ) = o, e k \ Q = o, 

where Vr; denotes the gradient of 77 with respect to g. By the definition of the 
moment map, we have V77 = JV/. In particular, Vr/ is tangent to orbits of the 
action by T c . 
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Lemma 3.1. For the above local coordinates, we have g(dzi, dr k ) = 0, g(dzi, 9 k ) = 
and g(9k,dri) = 0, where g also denotes the induced metric on the cotangent 
bundle of M. 

Proof. We have 

g(dzi,dr k ) = dzi(Vr k ) = (Vr fc )(^) = 0. 

Clearly, the second follows from the first since J(dzi) = \f^-Vdz,i. For the third, 
we have 

g(e k ,dr l ) = e k (Vr l ) = e k (jv l ) = o. 

□ 

It follows from this lemma and a direct computation that in the above local 
coordinates, we can write the Kahler metric g on M as: 

g = hfjdzidzj + w H dr k dTi + w kl 9 k 9i (8) 

where = g(V{, Vj) (this also shows that the w y 's are globally defined) and 
{w l i} is a positive definite matrix and is its inverse. Also, in the above 

proof, we have used the fact that dr k (VTi) = u(V k , JVj) = w k% . 

Using g(JVi,W) = uj g (Vi,W) = dTi(W), where J denotes the complex struc- 



ture of M, we can deduce —J9i = Wijdrj. We can thus infer that w^drj — y— I9i 
is of type (1,0), and rewrite g as 

g = hfjdzidzj + w k \w ki dTi - y / ^19 k )(wi j dT j + \/-L0i). 

Also, we have the decomposition: T^M = © (wijdTj - \f I 19 i ). 

In the sequel we will need the following: 

Lemma 3.2. One has: 



d9 k = v — 1 < —^-dzi A dzj — d-Ti A dz« + —r—dri A dzj > (9) 

I 2 dr k dzj dzj J 

Proof. For simplicity, we will assume N — 1 and write r = T\ , the proof for iV > 1 
is identical. Observe that the Kahler form of g is given by 



uj g = hfjdzi A dzj — dr A 9. 

Since this is closed, we get 

dS = -— 7^-dzi A dz j + 8, 

2 or 

where 3 is a real 2-form of the form 

3 = (qidzi A dr + cjidzi A dr) + rdr A 9. 

i 

Note that r is a real function. Since the associated complex structure J is inte- 
grable, the (0, 2)-part of d(wdr — v 7 — 1#) vanishes. This implies 

= [d(wdr - v^T^)] ' 2 = [dw A dr - \/^l{q i dz i A dr + q~idzi A dr)} ' 2 , 
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consequently, 

= [(|| - y/^lqjdzi A drf 2 . 

Hence, 

Qi = v -1 o-- 

On the other hand, since is invariant under the action, Ly6 = 0, that is, 
diyO + iyd# = 0. But iyO = 1, so d6(V, JV) = 0, which implies that r = and 
consequently, the lemma is proved. □ 

We can now calculate the volume form in a holomorphic frame, namely: 

Lemma 3.3. There is a holomorphic frame for which the volume form of u g 
equals to det(w) -1 det(/i). 

Proof. We first show the following claim: There exists (local) functions such 
that 7fc = fkidzi + Wkidri — \J —\d k are holomorphic. This is clearly equivalent to 
showing that there exist smooth functions such that [c^] 1,1 = 0, i.e., dji is of 
type (2,0). 

Using the formula for d6i in the above lemma, we have 

dw a^_ a A~. , fl(2.0) , fl(l,l) 



where fif^ and /j} 1 ' 1 ^ are of type (2,0) and (1, 1), respectively. Then 

Since each WijdTj — \/— is a (1,0) form, d(wijdrj — v^— T#i) has vanishing 
(0, 2)-part. It follows that 

[^dr k A dr,r = 0. 
<9r fe 

Hence, 

dwjj _ dw ik 
dr k drj 
consequently, [cfyj] 1 ' 1 = if and only if 

dfik_ 2 duk l = Q 

dh k j ^dfik = 
dri dzj 

The integrability conditions for this system are 

d 2 w ij d 2 w u d 2 h fj d 2 h iI d 2 w ij d 2 h kI 
dz k dri dz k drj ' dr k dzi dr k dzj ' dz k dz\ dridrj 

The first identity follows easily from the above symmetry on The second 

and third follow from d{d6i) = and the formula for dQ^. Hence, we can solve 



(10) 
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the equations in ( TTOl) for and our claim is proved. We can therefore infere 
the existence of a local holomorphic frame dz\, • • ■ , dz n , 71, • • • ,Jn- In this local 



frame, uj 9 can be written as 



-^—hfjdzi A dzj - dr k A 9 k 



[hfjdzi A + w !J \w ik dT k — \A— T#i) A (wjidri + \f—i6j)) 
((h fj + w kl f ki fi j )dz i A d% - w ij (f ik dz k A ^ + A d^) + A 7,-) 



It follows 



n+Af 



(n + iV)! 



det(/i) det(wjj) 1 dz A dz A 7 A 7. 



The lemma is proved. 

Next we compute the complex Hessian of any T-invariant function. 
Lemma 3.4. For any T-invariant function (f> £ C 2 (M), we /lave 



□ 



^=E^^ A ^+zE£ 



dr k 



1 x ^ d 

+ ?E 



cte fc V dr, 



+ 



Proof. First 



w ij \ dz k A (wjidri - \^19j) 

' = E + E + E §^ r * 



d;& A dzj 



'12) 



dz{ ^— ' <9zj 
Then, using the fact that Jdr^ = w^Oj, we get 



d(Jd0)) 



5 ^ ^ J 

ar, A gu» — — — - — ar, A az, 



dTjdzi"" ' 



drjdzi 



Then the lemma follows from the fact that d{Jd(f)) = —2\Z—ldd(j) and a direct 
computation (aided by formula ©). □ 

We can obtain the following fact about Hamiltonian functions from the Lemma 
above: 
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Corollary 3.5. IfT = S 1 andu g = u go — ^d(Jdu) for some S 1 -invariant function 
u, and if \x : M — > K is a Hamiltonian function of the S l -action with respect to 



UJ 



then /i := + jiv is a Hamiltonian function with respect to uj g , where 



go ■ 



w o — 9o(V,V) an d V is the associated vector field of the S 1 -action. 



Proof. Indeed, using Lemma 13.41 we have 



u„(V, U) = u> s „(V, U) - l -d(.Jdu)(V, U) 
TT , 1 du 1 



□ 



If X a is smooth, one can compute the curvature of quotient metric g a in terms 
of g on M via the Gauss-Codazzi equations and then uses O'Neill's formula (cf. 
[O'Neillp for the Riemannian submersion: fi~ l (a) — > X a . However, we shall 
perform our computations by exploring the Kahlerian structures. 
In order to prove the next theorem, we need the following: 



Lemma 3.6. The Hamiltonian functions satisfy 

gdet(/i) c 

— = l\ g T k - ~ 

dn dri 



fc; aiogdet(/i) dw kl 
w aZ = A 9 T k-^— (13) 



where A g denotes the Laplacian of g on M. Note that the right side of the above 
is independent of choices of coordinates zi, ■ ■ ■ ,z n . 

Proof. Taking trace of ([UJ) , one gets 

d 2 f , Mdfdh fj \ d fdf\ M 



It follows 



dn J dn 

Then we get the desired identity by noticing that 



A -^ h -'^ + ^ k ^) + a7Mr ] - (14) 



dlog det(h) _ jjdhjj 
dn dn ' 



□ 



Let (M, g) be a Kahler manifold with a torus T-action by holomorphic isome- 
tries. Let Vi, • • • , Vjv be a basis of the Killing vector fields generating this T- 
action. As before, we can write the moment map in the form fi — (ti, • • • , rjy), 
where dr k = iv k u g , and w % i = g(Vi, Vj). Let <p T : X a i—> X a+T be the biholomor- 
phism defined in Proposition 12.41 Fix a unit vector field V T = Ylih^i: then we 
get an one-parameter family of metrics on X a : h(r) = <p*g a+T so long as there 
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are no critical points of \i in {a + sb | < s < 1}, where r = sb and g a+T is the 
symplectic reduction of g on X a+T . 
We can now prove: 

Theorem 3.7. Let (M,g), h{r) etc. be as above. Suppose that for some function 
f = /(r) on M , g satisfies the following equation: 



(15) 



Ric(g) + ^dd (logdet(^) +/) = Xto g . 



Then we have: 

(1) The function AgT^ — — w kl ^r is constant along each connected component 
of /i _1 (a + r); 

(2) Either Ric(/i(0)) = Aa^o), s.e., h(0) is Kahler- Einstein, or h(r) = 4>l9a+r is 
a solution of the normalized Kahler- Ricci flow on X a : 



— = — Ric(u;J + Xuj, 



provided that r k (t) = c k (e xt — l) /A (1 < k < N) u, where 



Ck 



1 dw 



kl 



df 



4- — in 

4 9r, 4 drj ^H*)' 



(16) 



(17) 



Proof. Since logdet(g) = logdet(/i) + log det^ 4 - 2 ) in a certain local holomorphic 
frame, we see that 



-1 ^ 



Ric(#) + ^--dd (logdet(w ij ) + /) = A 



10 n 



is equivalent to: 



dd(-logdet(/i) + /) =Xu g . 



In turn, by Lemma 13.41 and the assumption that / = /(r), we show that the 
above equation is equivalent to the following system: 



(i) ARic{h) i3 - w lk 




dlogdet(/i) df\ dh fj _ 



dn 

fllogdet(fr) _ df_ 



[in 



liv 



_d_ 

dz k 
_d_ 

dn 



jk 



w 



w ■ 



It follows form (ii) and (iii) in the system (Tl8i) that 

<91ogdet(/i) df 

dn dn 



w 



ik 







dn 

<91ogdet(/i) df 

dn dn 

dlogdet(/i) df 

a a - I I = _4A( ^ 

dTj dTi 



ki 



4 If A = 0, then r k (t) = c k t 
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is a function of the Hamiltonian coordinates T\, • • • , tjv only. 
On the other hand, from Lemma [3.61 one can infer that: 

1 kl fd\ogdet(h) df\ 1. _ I8w kl 1 kl df 



i W {—d^ d^ l )=A A ^-A^-A W dr{ 

This shows (1). 

It follows from (iv) in (ITS]) . Lemma 13.61 and (ITT]) that 

w ik 6 v ; - -J- = -Ar fe - c fc . (19) 



4 V drj ^i, 
By our choice of Tfc(t), this implies 

dr k 1 lk / glogdet(fe) _ a A 

Observe that T^(t) ^ for all t whenever c k 7^ 0. Hence, if h(0) is not a Kahler- 
Einstein metric, then r(t) is a genuine parameter change of time t. Thus we have 
derived from (i), (ii) and (iii) of (ITS]) the Kahler-Ricci flow 

dh 

— = — Ric(/i) + A /i, on X a . 

□ 

Let (M,g), h be in the above theorem. If h(0) is not Kahler-Einstein, then it 
follows from (I2(jp and a direct computation 



df 51ogdet(/i) 

£ 



at at 

a/ aiogdet(/i)\ rfr fc (21; 



ar fc ar fc / (it 

a/ aiogdet(/i)\ / a/ aiogdet(/i)\ 



dr k dr k J \dr k dn J 



k,l 

Since (and hence wj !J ) is positive definite, i.e., w kl ^ k > for every non-zero 
• • • ,6v), we have 

af 

- An + -± > (22) 

and the equality holds at some t if and only if h is Kahler-Einstein, where R(h) 
denotes the scalar curvature of h. 

There is an integral condition on the descended solution h(t) of the Kahler- 
Ricci flow from a solution of (1151) : For simplicity, we assume that N = 1, that is, 
the action group is S 1 . By <Q, we have 

<%-i(a+r) = - ^^q^ = (Ric(/i(r)) - Xu h{T) ) . 
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On the other hand, using the Kahler-Ricci flow, we can show 

-c x {X a ) + A[w fc(t )] = e xt (-ci(X a ) + X[u m ]) ■ 

Here [u] denotes the cohomology class represented by u. It follows from the above 
equations 

d0\p-H*W) = Y c ( Cl ( Xfl ) ~~ A[u^ (0 )]) . 

Noticing that #| M -i( a+r ) is a connection of the circle bundle ir : /i~ 1 (a+r) i— > X a+T , 
so its curvature d9 represents its first Chern class. Hence, A[o;^(o)] must be in 
H 2 (X a , 27rZ). In particular, if A = 0, the above shows that the associated circle 
bundle is just the pluri- anti-canonical bundle. 

The converse of the above theorem is given in the following: 



Theorem 3.8. Let X be a Kdhler manifold. If h is a solution of (Thy on X x 
[to,^i] such that A[a^/ J lies in H 2 (X,2tt7j) , then there is a unique principal S 1 - 
bundle over X x [£o,£i] and a S 1 -invariant metric g on M satisfying the equation 
( f73|) for some f and a function r(t) : [ta,ti] — > R such that r(to) = and 
h(t) = h(r(t)), where h(r) is induced from g as in last theorem. Moreover, the 
curvature of the principle bundle M is given by 

, — - f 1 dhfj dw , dw , , 

Ik '■= v — 1 i Tr^-dZi A azj — — — ar A dz~ + -^—dr A dzj 

[ 2 or dzj dzj 

Proof. First we assume that h is Kahler-Einstein, i.e., Ric(/t) = Xh. Take M = 
X x C and the vector field V — 2 Im(z J^) is simply the one inducing the standard 
rotation on C. The lifting metric g is of the form 

where 9 is the dual of V as we defined before. Then ^\z\ 2 is the associated moment 
map. Define w _1 = \z\ 2 = 2r 2 and / as a function of r by 

— — = AAtw. 
or 

Then one can check directly that g satisfies 

RicQ?) + ^dd (log |^| 2 + /) = Xuj g . 

Hence, we get a lifting of h on X x S 1 x [r , 7~i], where r and T\ are determined 
by t and ti, respectively. 

Now we suppose that h is a non-static solution of the Kahler-Ricci flow: 

U = -Ric x (/i) + A A. 
We want to find (M, J) and a Kahler metric (7 of the form 

hndzidzj + u^r 2 + w~ 1 9 2 , 



Ric(g) H — dd(— \ogw + f) = Xco g 
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which satisfies ( fT5l) : 

2 

for some / = fit), i.e., it is constant along X. We will revert the reduction of g 
to h{r) in the previous theorem. 
As expected, we set 

rit) = jie xt -l), 



where c is a positive constant. Hence, 



— = ce xt . 
dt 

Choose any smooth function f = f(r) such that 

-R(h(t))+n\-W^<0 
on X x [toj^i]) where R(h(r)) is the scalar curvature of h{r). Now we define 

e- 2Xt (R(h(t)) -n\ + %&®) 

w = ^ — > 0. 

4c 2 

Since h is a solution of the Kahler-Ricci flow, we have 

d\ogdet(h) /xx 

& m y 1 =-R(h(t)) + n\. 

If we regard h as a function of r, we can deduce from the above that: 

Or 1 f dlogdetjh) df\ 

dt~ l w \ d~r frj- [Z6) 

Define a 2-form as follows: 

, — - I 1 dhfj , ,_ dw , , dw , , I 
7 := V-l < --—^-dzi A dZj - -^—dr A dzj + — dr A dzj > . (24) 

We claim that 7 is closed on X x [to,^i]- The closedness of 7 is equivalent to 

9 2 h k f _ ^ <9 2 u; 
<9t 2 dz k dzi ' 

Using the Ricci flow and the definition of r(t), we see that the left-handed side 
becomes 

d_ 



( c -v«(- Ri c(^ + ^)-=-v^(^). 



On the other hand, using (T23]) . we have 



Aw = — c e 



-1 -Ai 



d logdet(fr) 9/ 
<9r <9t 
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The claim follows. 

Then we can take M to be the unique principal S^-bundle 7r : M — > X x [t , h] 
with the connection 1-form 9 such that 

d6 = 7T* 7 . 

Here we have used the assumption on the Kahler class of h(0). 

We then define the complex structure J on M by imposing that JO = —wdr and 
it restricts to the given one on X. Since T 1,0 M is locally spanned by dzi, • • • , dz n 
and wdr — \f— 19, J is integrable if d(wdr — \J — 19) has no (0,2)-components. The 
latter can be checked directly by using the definition of 9. Hence, J is integrable. 
Furthermore, we can endow (M, J) with a Kahler structure: By the definition, 
we have 

/—- J 1 dhfA dw , , dw , 

d9 = v — 1 < Tr^-dzi A az,- — — — dr A dz* + -^—dr A az 7 - 

2 9t a^- a^- 

It follows that uj~ h — dr A 9 is a closed 2-form. Clearly, this is the Kahler form of 
the required Kahler metric 



g = hfjdzidzj + wdr 2 + w 1 9 A 



that is, iOg = uj~ h — dr A 0. 

Let V be the vector field inducing the standard clock-wise rotation on the circle 
bundle M, then 9(V) = 1 and %yu) g = dr. This means that r is a moment map. 
from the construction, we can easily show that h coincides with h(r) from last 
Theorem. 

□ 

Remark 3.9. The above lifting is not unique since we do have choices of /. If 
g and g' are such metrics corresponding to / and /', respectively, then we notice 
that 7 is independent of / and /', so we have the same circle bundle M. Moreover, 
the symplectic form uo g is independent of the choice of /. 

One may replace (I15p by a slightly more general equation: From the above 
proof, one can see that any solution of Ric(g) + <9<9(log det(w*- 7 ) + /) = Q also 
descends to a solution of the Kahler- Ricci flow, so long as Q is a closed (1, l)-form 
such that (7r a+T )*f2 = A h(r) and Q(Z, Vi) = for every Z e Q(a + r) for every 
r. Of course, it holds for Q = A u g . 

In the case in which the action group is just S 1 , flTTj) takes a particularly 
interesting form as it reduces to a (modified) mean curvature flow: 

Lemma 3.10. One has that 

.! <91ogdet(/i) H(t) ldw- 1 



w 



dr \V\ g 2 dr 



where H(r) is the mean curvature of fi 1 (a + r) with respect to the unit normal 
y/wJV. 
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Proof. Given any smooth function / on a Riemannian manifold (N,g), along its 
level set N a := {x G M : f(x) = a}, we have 

Hessf(Yi, Y 2 ) = -((V Yl Y 2 ),Vf) = -{{B(Y 1 ,Y 2 ),V f), 

where Yi, Y 2 are tangent to N a and B denotes the 2nd fundamental form of N a . 
It follows 

AJ \ Na = -(H, Vf) g + Hess f (v, v), (26) 

where H is the mean curvature of N n and v = ^4 is the unit normal. 

a |v/| 

Now applying f[2"BT) to the moment map r regarded as a function on M, we get 



A g T = -(H, Vt} 9 + Hess T (u } u). 

On the other hand, since Vr = JV and v = y^Vr, a straightforward calculation 
shows 



Hess T (u, v) = vivr) = v{\fwdr{JV)) = v{w 1 ^ 2 ) = w 



1/2; 



dr 2 dr ' 
Then the claim follows from ( |T3l) . 

□ 

It follows from this lemma that the derivative 4? in Theorem 13.71 satisfies an 
evolution equation of mean curvature flow type: 

dr H(t) Idw- 1 1 1 df 

— = — — H h -w —. 

dt 4\V\ g 8 dr 4 9r 

4. Scalar V-soliton equation 

In this section, we will address the solvability of the following complex Monge- 
Ampere equation: 

Ko + ^ddu) n = (\V\ 2 go + ^ddu(V, JV)\ e F ~ Xu ^ , (27) 
where go is a given Kahler metric and F is a given function satisfying 

K/-i)< = o- 

M 

We call (1421) scalar V-soliton equation. We will assume that both g and F are 
invariant under the S' 1 -action induced by V. 

Our main goal here is to develop some preliminary estimates necessary to 
prove the existence of solutions for this scalar V-soliton equation. Higher order 
estimates will be done in a forthcoming paper. For simplicity, we assume that M 
is compact. 

One motivation for studying fj4*2|) comes from establishing the existence of V- 
solitons: Suppose that N — 1 and g is a solution of ffToT) . that is, g is a V-soliton 
metric. Now we choose g such that c\{M) coincides A[a> so ]. then we can write g 

as 

= u go + —^ddu. 



IS 
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Define F = F' 



+ / and F' by the equation: 



Ric(po) - Ao;, 




ddF'. 



90 ~ 



2 



Such a function F' is only determined up to constants. Then g is a V-soliton 
metric if and only if u satisfies ( 1421) modulo addition of constants. In fact, one 
can easily see that even if M is not compact, if u is a solution of ([HD , then g 
defined as above in terms of u is still a V^-soliton. 

Here we consider f !42p only when A = 0. The case for A = — 1 can be done in a 
similar and simpler way. As usual, the case for positive A is more tricky. We will 
assume that u is invariant. 

Lemma 4.1. There is a uniform constant C = C(go) such that for any S 1 - 
invariant function u with u> go + y ^p-ddu > 0, we have 



where w 1 = \ V\g Q . 

Proof. This is a known fact (cf. [ZhuJ). For the readers' convenience, we include 
a sketched proof here. As before, we denote by fi = r the moment map associated 
to the S^-action by V. Since M is compact, fi has at least two critical points, so 
V has at least two zeroes. To estimate JV(u) = Wq 1 ||^| at any given p 6 M, 
we pick up a trajectory 7 of the gradient V/i from one critical point to another. 
Since Wq 1 = at critical points of /1, we may assume p is not a critical point. 
Then 7 sweeps out a holomorphic sphere S with two punctures by the 5' 1 -action. 
Those two punctures are exactly those critical points which 7 connects. Using 
the S^-symmetry, we get 



Integrating this along 7 starting from either r max = sup r ji or T min = inf 7 /i, we 




2 



In view of ( JT21) . this is the same as 




get 



-4(//(p) - r min ) < JV(u)(p) < 4:(r max - n{p)). 
It follows that I JV(m)| < 4(r max — Tmin), so the lemma is proved 

We may use the perturbation method to solve (j4"2l) . Consider 



□ 



(u go + ^±dduT=(e+\V\ 2 g ) e F+ ^u 



(28) 



where e > 0, u g = u go + y -^ L ddu and c e is chosen such that 
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where F e = F + c e . 

Now let us introduce some notations. Set 

C k ' a {M, V) := {u G C k ' a {M) | V{u) = 0} , 

where C k ' a (M) is the Holder space of C fc -smooth functions such that 



k 



\\7 k u(x) - V k u(y)\ 



ii ii i™ i v "Ax — v uyu)\ 
\\u\\ C k, a := y, SU P I v m| + sup — — < +00, 

i=1 i£M x,y£M,x^y d{X,y) a 

where d(-, •) denotes the distance function of any fixed metric g. Clearly, this 
coincides with the space C k ' a {M)si which consists of 5' 1 -invariant functions in 
C k ' a (M). We further set 



C k,a (M; V) g :=|d£ C k ' a (M; V) \ / ((e + \V\ 2 g )e v - l) uj n g = 

and 



M 



C k ' a (M; V) := <yU G C k ' a (M; V) \ J uu n g =U 

For fc > 2, we also denote by P k > a (M, V) the set of all u G C k > a (M, V) such that 
u; u := uj go + ^^p-ddu > 0. Define a differential operator from P k ' a (M, V): 

$ e (u) := log - log (e + \V\J, 

V < J 

where \V\ 2 = oj u {V, JV) is the square norm of V with respect to the metric given 
by lo u . 

Clearly, for k > 2, $ e maps into C k ~ 2 > a (M; V) go . To solve (j2g]) ; we only need 
to show that $ e is surjective. We will prove that for k sufficiently large@ 

$ e (P fc ' Q (M, n C^ Q (M; V)) = C fc - 2 ' Q (M; ^) go . 

The tangent space to C k ~ 2 ' a (M; V) go at $ + e(u) is the space: C k ~ 2 ' a (M; V). 
Hence, the differential -D$ e |„ of $ e at u is a linear map from C k,a (M; V) into 
C k ~ 2 ' a (M; V). Furthermore, we have 

Lemma 4.2. For any e > 0, $ e is an elliptic operator. Moreover, for any 
u G P k,a (M, V), the differential D<& e \ u is surjective with only constant functions 
in its kernel. 

Proof. The ellipticity of $ e means that for any u G P k,a (M, V), D$> e \ u is elliptic. 
A straightforward computation shows: 



D*M*) = A gu u - 2(e v +|y|2) ddu(V, JV). 
At any given point p G M, we can choose a basis {e^} of Tp ,0 M satisfying: 

9u(ei,ej) = ^^ddu(ei,ej) = aAj. 



3 fc > 4 should be sufficient. 
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In terms of this basis, we have 

^U«)(P)=E e + E . N 2 • 

This shows the ellipticity of -D$ e | M at p, and consequently, ellipticity of $ e . 

Moreover, it follows from the above computation and the Maximum principle 
that -D$ e | u is surjective and its kernel consists of only constant functions. 

□ 

Remark 4.3. In fact, one can also show that DQ e \ u is self-adjoint. Moreover, 
by the above, we see that D& \ u is also elliptic but degenerate. 

As said, we may use the continuity method to solve (|28p . Fix a large k > 0. 
Choose any path F e>s in C k ~ 2 > a {M] V) go (s G [0, 1]) with F efi = -log(e + \V\ 2 go ) 
and F ei i coincides with F e in ( !28l) . Consider a family of complex Monge- Ampere 
equations: 

Ko + ^dduT = (e + \V\ 2 g ) e F ^ W » , (29) 

where u; s = cj 50 + y -^ddu. Define 

/ = {s G [0, 1] | (ESD has a solution for any s' G [0, s]}. 

Clearly, 6/ since u = is a solution. It follows from the above lemma and the 
Inverse Function Theorem 



Corollary 4.4. The set I defined above is open. 

Hence, establishing the existence of a solution for (|28|) is equivalent to proving 
that / is closed. For this purpose, we need a prior estimates for solutions of fl2U|) . 
In view of the C 2,a -estimate due to Evans, Krylov etc.. (cf. [Evans82], |Krylov| , 
[Caf farelli] . Trudinger , |Tian84j ) . it suffices to have a priori C 2 -estimates for 
(ESI). 



4.1. The C°-estimate. The purpose of this subsection is to derive a C°-estimate 
by the standard Moser iteration, keeping track of the dependence on e > 0. First, 
we have 

Proposition 4.5. There is a uniform constant C which depends only on (M,go), 
II-^IIc^m); sup M \V\ go and sup M |div(JV)| such that for any solution u of ( 1291 
with f M uuig o = 0, we have 

sup \u\ < C. 

M 

Proof. First we assume that u is a solution of (I2"9l for some s G [0, 1] such that 
sup M M = —1. For simplicity, denote F e>s by F and m_ = —u. Note that w_ > 1. 
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Integrating by parts, we get for i > 1 



' M 



Jm V i=o ^ / (30) 



M 



(t + i) 



M 



Multiplying u_ on both sides of ( 1291) and integrating, we deduce from the above 

(31) 



2 



n(^ + 1) 



d 



I ui ((e+\VQe--l).l 



Using Lemma 13.41 and noticing wq JV = -4p , we can compute 

^ddu(V, JV) = L ^-i ^ = I jy(jy(u)). 

It follows 

^ |V 90 «^| 2 < < rdj vL (e p (e + \V\ 2 go + \jV(JV(u))) - lj w » . (32) 

Write PU = JV — y/—lV. Then W is a holomorphic vector field. Since V(u) = 0, 
we have W(u) = JV{u) is real- valued and bounded. Recall the identity: 

div (uie F W(u)W) = dw(W)uie p W(u) + W{u-leFW{u)), 

where the divergence div(TV) is taken with respect to the metric go. Therefore, 
there is a constant C\ which depends only on (M, go), \ \F\\ c i(M), sup M \ V\ go and 
sup M |div(JV)| such that 

u e _e p W(W(u)) < div(uie p W(u)W)+eut 1 \W(u)\ 2 e p + C l u i _\W(u)\. 
Plugging this into (I32p and using Lemma 14.11 we obtain 

V go iif\ 2 u>l < C 2 t [ vt\u-+£)u%, (33) 



flu 



90 

M J M 

where C 2 is a uniform constant depending only on (M,g ), \ \F\\ c i(M), sup M |V 
and sup M |div(JV)|. 
Since u_ > 1, it follows 

V^IH <2C 2 t 2 j u e _ +1 col (34) 
m Jm 
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Now we can apply the standard Moser iteration scheme: Denote by Cs the 
Sobolev constant for go, then for any smooth function / on M, we have (cf. 



Gilbarg-Trudinger Theorem 7.10): 

a» < C s (||V/|| 2 + ||/|| 2 ). 



n-l 



Applying this to AMI) for / = u_ 2 , we get 

n-l 1 

njt+rj \ n(e+i) / r \ t+i 

m u -~' <) < j M U - <) > ( 35 ) 

where C 3 is a uniform constant depending only on (M, g ), Cs, \ \F\ \c 1 (m)i su Pm l^lgo 
and sup M |div(JV)|. 

Set l\ = \ and £i + i = -^(^ + 1) — 1 inductively for z > 1. Then we have 

(L u - +1< )~ - n^^+i) 2 )^ (/ M 

Note that ij + 1 = 2 ) J , we can deduce from the above 

supu_ < cAj^ul^Y, (36) 



where C4 is a uniform constant depending only on (M, #0), Cs, 1 1-^1 Ic^m), sup M | V| 
and sup M |div(JV)|. 

Moreover, applying the Poincare inequality to ( 1331) with £ = 1 and noticing 

m_ > 1, we get 



.yd 



« 2 < < C 5 / «_a£, (37) 

'A/ / JM 

where C 5 depends only on g . 

On the other hand, since n + A 90 w > on M, applying the Green function of 
go, we can get 

supu < i / ^ + C 6 , (38) 

M V Jm 

where V = f M Ug and Cq depends only on g Q . 
By our assumption on u, we get from the above 

uul < V(l+C 9 ). 

M 

Combining this with (1361) and (j37p . we obtain an a prior estimate on an d 
the proposition is proved in the case that sup M w = — 1. 

In general, if u is a solution of ( 1291) . then u :— u — sup M u — 1 is also a solution. 
Applying the above discussion, we have 

sup u — inf u < C 7 , 

M M 
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where CV is a uniform constant. Therefore, if u satisfies j M uu™ Q = 0, then by 

(EHD, 

supw < Cq. 

M 

Hence, we have a uniform estimate on ||w||c° as required by the proposition. □ 

4.2. The higher order estimates. In order to establish the existence of V- 
solitons, we need higher order estimates for solutions of ( |29i) . Based on the 
known theory on the C 2 ' a -estimate for complex Monge-Ampere equations, we 
only need an a prior C 2 -estimate. 

The following is trivial. 

Lemma 4.6. Let u be a solution of (I2U1) . then \ \ddu\\ < max{n + A go u, n} 

Therefore, in order to derive an a priori C 2 -estimate, we only need to have a 
C°-estimate for A go u. This is similar to the second-order estimate in the proof for 
the Calabi-Yau theorem. However, because of the extra term involving | V| 2 , the 
proof in our case is much more tricky and lengthy. This will be in our forthcoming 
paper. 

4.3. Uniqueness of scalar V-soliton equation. Using the Maximum princi- 
ple, one can easily show the following: 

Theorem 4.7. Let (M, g ) be a compact Kdhler manifold with boundary DM and 
a S 1 -symmetry induced by a Hamiltonian field V . Then there is at most one 
solution of (142 p with given boundary value, namely, ifu% andu<i are S 1 -invariant 
solutions of ( [421) with u\ = U2 along dM, then u\ = Ui on M . 

5. Further directions 

In this section, we discuss possible applications of our new correspondence and 
some further research problems. 

5.1. Boundary value problem for V-soliton metrics. First we certainly con- 
cern the existence problem of V-soliton metrics. This is amount to solving the 
scalar V-soliton equation (flSl) . We expect: Given a complete Kdhler manifold 
(M,g ) with boundary dM and finite geometry at oo. Suppose that it admits a 
S 1 -symmetry generated by a Hamiltonian field V, then for any reasonably "nice" 
boundary value tp along dM, there is a unique solution u of ( )42l) on M such that 

u\dM = 

In |La Nave-Tianj . we will provide a solution to this existence problem in the 
case that M is compact or an ALE space. The solution we obtain will be in C 1,1 
in general, but it should be smooth outside the zero set of V as an application of 
the known regularity theory for complex Monge-Ampere equations. It will be a 
more challenging problem to study the regularity of such a solution near the zero 
set of V. 



24 



GABRIELE LA NAVE AND GANG TIAN 



5.2. Finite-time singularities of the Kahler-Ricci flow. Our new correspon- 
dence may be applied to studying singularity formation of the Kahler-Ricci flow: 
Let (M, g) be a Kahler manifold with a S^-symmetry generated by a Hamiltonian 
field V. We further assume that g is a V-soliton metric (i.e., it satisfies eq. (j2J)). 
Let fi : M i— > R be the associated moment map, i.e., the Hamiltonian function of 
V. Put Cr(fi) to be the set of critical values of //. Then IR\CV(/i) is a disjoint 
union of consecutive open intervals I a (a e Z). For each interval I a , symplectic 
quotients X T for r G J a are the same complex manifold, but X T changes when r 
crosses critical values in CV(/i). Usually, X T and X r / are related to each other by 
so called flips when r and r' are in two different, but consecutive, intervals. By 
studying how g descends to X T and X T >, we can analyze how the Kahler-Ricci 
flow transforms under flips. Let us illustrate this by means of an example. 
Let C* act on M := C l+m by: 

t(z u . . . , z l+m ) = - Zl ,...,t ai - zi, r^ 1 ■ z l+1 , . . . , r a <+™ • z l+m ), 

where a±, . . . , a\, az+i, . . . , ai+ m > are positive integers. This action is Hamilton- 
ian with respect to the standard Kahler structure on C l+m with the Hamiltonian 
li : C l+m -> R: 

l l+m. 

^{ z li ' ' ' i z l+m) = ^ a i\ z i\ 2 ~ ^ a i\ z i\ 2 
i=l i=l+l 

One can easily see that r = is the only critical value. Therefore, the symplectic 
quotients X T := yU~ 1 (r)/S' 1 are all isomorphic to a fixed variety X~ for r < and 
to a variety X + for r > 0. Furthermore, the natural bi-rational map <fi : X~ — » 
X + is a flip for l,m > 2 replacing via surgery a neig hborhood of CP*" 1 C X~ 
with a neighborhood of CP m_1 C X + . For I — 1, m > 2 and ai = • • • = a^ +m = 1, 
is a blow-down, and for I > 2, m = 1 and a! = ■ ■ • = a^ +m = 1 it is a blow-up. 
For I > 2 and a± — ■ ■ ■ — a l+m = 1 it is a flip or flop (e.g., I = m = 2 gives 
rise to a flop). Another important special case is when I = m = 2, a\ = 2 and 
a2 = • • • = 04 = 1: This is the first non-trivial flip in the Francia series. 

Let us consider the simplest case in this context: I = 1 and ai = • • • = ai +m = 1. 
For r < 0, X r is the ^-quotient of 

m+l 

{(^i, z 2 , • • • , Zm+i) I ki| 2 + |t| = 2J kd 2 } 

which is the blow-up of C m at (0, 0). On the other hand, one can see easily that 
X T = C m for r > 0. Let us find a special U-soliton metric g on C n+1 of the form 

uj g = ^^ddu, u = (\z 2 \ 2 H h \z m+1 \ 2 ) /i(|^i| 2 ). 



The holomorphic field whose imaginary part equals V is given by 
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Then the scalar V-soliton equation is equivalent to the following: 

m+1 

det(wjj) = Mii|^i| 2 — '^^(uijZiZj + UjiZjZi) + u^ZiZj, 

3=2 i,j>2 

where = -J^-. 



l J dzidzj ' 

If we set r := \zi\ 2 and p = \z 2 \ 2 + • • • + |z m+ i| 2 , one can verify directly that 
u = ph(r) satisfies the V-soliton equation if h satisfies the following ODE: 

(rhh" - r{h'f + hti) h m ~ l = r 2 h" - rti + h, 

where r e [0, oo) and h is a function of r. Given a solution h of this equation, 
we obtain a V-soliton metric g on C m+1 which descends to a solution of the 
Kahler-Ricci flow for r < and converges to a smooth Kahler metric go on 
C m \{0}. One can show easily that C m is the metric completion of C n \{0} by go. 
This can be used to verify the first conjecture on finite-time singularity for the 
Kahler-Ricci flow in |Tian07j and |Song-Tian in the special case of a blow-up of 
a smooth manifold. In fact, in order to see how the Kahler-Ricci flow behaves 
under blowing-down of a CP" 1-1 , it suffices to find a solution of the above ODE 
near r = 0. By using the power series method, one can find a local solution h of 
the above ODE starting with 

TV) 

h(r) = 1 + r — r 2 + 0(r 3 ). 

One can use this explicit solution to see that C m is the metric completion of 
C m \{0} by go as claimed above. Similarly, one can find special solutions for the 
V-soliton equation in the general case that both l,m > 1. 

In fact, this example in the case of m = 2 provides the basic picture of finite- 
time singularity for the Kahler-Ricci flow on complex surfaces. Let us elaborate 
more on this: Let X be a complex surface and g(0) be a Kahler metric. Then 
there is a unique solution g(t) of the Kahler-Ricci flow on [0, T), where T is 
either oo or the first time when [ttWo)] — tc\(X) fails to be positive. If T < oo 
and ([kWo)] — Tci(X)) 2 > 0, then as t — > T, g(t) converges to g(T) outside 
finitely many disjoint rational curves Ci, • • • , of self-intersection number —1. 
For simplicity, assume that k = 1. By blowing down C\, we get a new complex 
surface X with p corresponding to the blow-down C\. We can also extend g(T) to 
be a solution g(t) of the Kahler-Ricci flow on X for t G [T, T + e] for some e > 0. 
Let U be a small neighborhood of p and U be the blow-up of U at p. Then U to be 
a neighborhood of C\ in X, moreover, we can identify U x (T— e, T)UUx [T, T+e) 
as a quotient of a neighborhood W C C 3 of by the S^-action. The solution g(t) 
lifts to a V-soliton metric g on W\{0}. By solving the boundary value problem 
for the scalar V-soliton equation on W, we should be able to extend g on W. Then 
by studying how g descends to U, we may prove that X is the metric completion 
of X\{p} by g(T). This verifies the first conjecture on finite-time singularity 
for the Kahler-Ricci flow in [Tian07] and |Song-Tian| for complex surfaces. Of 
course, the above discussion just provides a plausible approach. Details remain 
to be checked. 
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We believe that this actually provides an effective approach to studying finite- 
time singularity of the Kahler-Ricci flow in all dimensions, at least for all those 
flips which can be achieved through variations of symplectic quotients. Indeed, 
many flips can be achieved in this way. This allows us to carry out a geometric 
Minimal Model Program using the Ricci flow with "surgeries". The first step in 
this program is to understand solutions for the l^-soliton equation on a manifold 
with boundary. This will be the subject of [La Nave-Tianj . 

5.3. Kahler-Ricci flow on Fano manifolds. Another possible application of 
the V-soliton equation is to study the Kahler-Ricci flow on Fano manifolds. Let 
X be a Fano manifold and go be a Kahler metric with its Kahler class equal to 
ci(M). It is known that the normalized Kahler-Ricci flow 

dg 

— = -Ric(g) + g, g(0) = g 

has a global solution g(t) for all t > 0. A long-standing problem is on the 
convergence of g{t) as t goes to oo. The folklore conjecture is that g(t) converges 
to a Kahler-Ricci soliton (possibly with mild singularity along a subvariety of 
complex codimension at least 2). Our new correspondence may provide a method 
of proving this conjecture. By Theorem 13.8} there is a Kahler metric g{-,z) on 
M = X x {z E C I \z\ > 1} satisfying: 

(1) r = e*-l; 

(2) g is invariant under the standard S^-action of C by rotations; 

(3) g{t) is the symplectic quotient of g on X. 

(4) g satisfies the V-soliton equation: 

Ric (<?) + ~^~ 9 ^(~ lo § w + f) = ^3, 

where w is the inverse of the squared norm of V (w = {{Vl 2 )" 1 ) given on Xx [0, oo) 
by 

w = 4" 1 e" 2t (R(g(t)) - „ + > 0. 

This is the same as 

4- 1 (l + r)- 2 ( R (g(t))-n+(l + T)?^j > 0. 

That it is possible to find such an / is insured by a result of Perelman's to the 
effect that R(g(t)) is bounded (cf. |Sesum-Tian] ) . Such an / is not unique, so 
we may choose one that is more convenient to us. For instance, if c is the lower 
bound of R(g(t)), we choose / = (n — c) log(l + r) + 2(1 + r) 2 . Then 

w = 4~ 1 (1 + r)- 2 (R(g(t)) -n+ ° /(< ^~ ~ 1. 

It follows that at oo of C, in polar coordinates z = (r, (p), we have 

g ~ lim g{t) + dr 2 + dtp 2 . 

t— >oo 
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If g(t) converges to a Kahler-Einstein metric gKE as t tends to oo, then g can be 
extended across X x {00} by adding gxE- Or equivalently, given any sequence 
{U} with limtj = 00, then (X x C, g{t + U)) converges to the product of qke with 
the cylinder metric dr 2 + dip 2 as U tends to 00. 

In general, it is plausible that the above chosen g can be extended across 00 
of C modulo a family of diffeomorphisms of X or equivalently, (X x C, g(t + 
converges to the product of a limiting metric with the cylinder metric dr 2 + dip 2 . 
Therefore, the above folklore conjecture is closely related to how (X x C, g) 
behaves at the 00 of C and whether or not it can be compactified. We conjecture 
that (X x C, g(t+ti)) converges to the product of a Kahler-Ricci soliton with dr 2 + 
dip 2 modulo diffeomorphisms. Based on this idea and assuming the analyticity, 
Arezzo and La Nave (cf. [Arezzo- La Nave"] ) studied the case that the central 
fiber of a (non-trivial) special degeneration X — > A admits a Kahler-Einstein 
metric. In a forthcoming paper (cf. [Arezzo-La Nave-Tianj ). we will discuss this 
in more details. 

5.4. V-solitons and geodesies in the space of Kahler metrics. On a Kahler 
manifold X, each (1, l)-form cohomologous to to takes the form uj + y/—lddf for 
some / e C°°(X). Therefore, the space of all Kahler metrics in the class [u] can 
be identified with 

U = {(f) G L7°°(X) I u + ^^ddcf) > 0}/ ~ . (39) 

where (j) ~ (j)' if and only if they are different by addition of a constant. 
Given <p e Tl, the formal tangent space 



T4H = {^r(i)„ 1 / ^ = 0}, 

Jx 



where lu^ := to + ^^-ddcf). There is an natural metric, introduced by T. Mabuchi, 
on Ti as follows: Let ?pi,?p2 £ T^H, define 

<4>wfo >^= ^7 / ^2^. (40) 



n\ 



x 



Given a smooth curve <p(t) : [a, b] \— > H, set <f)(x,t) := <p(t)(x). This can be 
considered as a function on X x S 1 x [a, b] which is ^-invariant. Then the geodesic 
equation for the above L 2 metric is equivalent to the following Homogeneous 
complex Monge- Ampere (in short HCMA) equation on M = X x S 1 x [a, b] (cf. 
[Semmes] . [Donaldson) and [Chen-Tianj ) : 

(u + ^OmBm^ 1 = 0. (41) 

On the other hand, consider the Kahler-Ricci flow on the Kahler manifold X x 
[0,oo): 

dg 

— = -Ric(p) + g, g(0) = g . 
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By Theorem ESI there is a lifting metric g(-, r) on M = X x S 1 x [0, oo) satisfying 
the following 

(1) r = e«-l; 

(2) g is invariant under the obvious ^-action; 

(3) g(t) is the symplectic quotient of g on X. 

(4) For some /, g satisfies the V-soliton equation: 

Ri C (g) + ?q±dd(\0g\V\ 2 g + f)=UJ- 9 , 

where V is the vector d=field generating the ^-action. As we have shown in the 
above, the V^-soliton equation can be reduced to the scalar V^-soliton equation: 




where F is given by 

Ric(</ ) - \u go = —^d M d M F. 

Since V tends to as r goes to oo, we may expect that the solutions to ([3]) are 
asymptotic to the solutions of equation (HTl) . more precisely, we expect that the 
solution g(t) of the Ricci flow is asymptotic to a geodesic ray This can be a 
future research topic. 
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